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Abstract 

By applying the theory of group-invariant solutions we investigate the symme- 
tries of Ricci flow and hyperbolic geometric flow both on Riemann surfaces. The 
warped products on 5"+^ of both flows are also studied. 



§1 Introduction 

The Ricci flow is the geometric evolution equation in which one starts with a smooth 
Riemannian manifold {M'^,go) and evolves its metric by the equation 

^5 = -2Rc, (1.1) 

where Rc denotes the Ricci tensor of the metric g. The Ricci flow has been exhaus- 
tively studied and successfully applied to solve the famous Poincare's Conjecture [2]. 
Recently, Kong and Liu ^ introduced the hyperbolic geometric flow which is the hy- 
perbolic version of Ricci flow 

0^9 = -2Rc, (1.2) 

which shows different behavior with the original Ricci flow. 

On Riemann surfaces {Ai'^,g), equations (1.1) and (1.2) can be simplified to scalar 
equations 
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ut = A Inn, 
Uft = A In u 



(1.3) 
(1.4) 



where function u{x,y,t) is the conformal factor of g 



Qij = u{x, y, t)6ij 



Later we will use the theory of group-invariant solutions to investigate (1.3) and (1.4). 
As we will see, the sets of symmetries of the two equations are quite large and we 
expect to find large classes of exact solutions to both flows on Riemann surfaces and 
the symmetries dependent on the solution of two-dimensional Laplace equation. 

The technique here we use to investigate the symmetries and exact solutions of 
the equations is the theory of group-invariant solutions for differential equations which 
applies Lie group. Lie algebra and adjoint representation to differential equations. For 
most cases, there is a one-to-one correspondence between different symmetries of an 
equation and the conjugate classes of subgroups of its one-parameter transformation 
group. So finally through the classification of subalgebras of the Lie algebra of the 
transformation group, we are able to classify all the symmetries of the equations. We 
will introduce this technique briefly later in this paper. For more details, see jllj . 



We will also study warped products on S''^'^^ or SO{n + l)-invariant metrics on 
of both flows on the set (-1, 1) x 5": 



where gcan denotes the canonical metric on 5". This metric under Ricci flow was 
studied in [1]. Analyzing its asymptotic behavior leads to significant information about 
the nechpinch which is important in the surgery of Ricci flow. By a change of coordinate 



the evolutions of f{s,t) and ip{s,t) under Ricci flow and hyperbolic geometric flow are 
the followings respectively: 



g = ip^{x,t)dx'^ + '4?{x,t)g, 



'can 1 





(1.5) 
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under Ricci flow, and 





(1.6) 



'ss 



- (n - 1) 



under hyperbolic geometric flow. In contrast to (1.3) and (1.4), equations (1.5) and 
(1.6) have few symmetries especially in higher dimensions. 

This paper is organized as follows: We would begin with the theory of group- 
invariant solutions for differential equations in Section 2. In Section 3, we will study 
the symmetries and exact solutions of Ricci flow on surfaces. In Section 4, we investi- 
gate hyperbolic geometric flow on surfaces. In section 5, the warped product of 5""*"^ 
on both flows are studied. In Section 6, we give some further discussions. Finally, in 
section 7, we derive the evolutions of warped products on both flow. 

Acknowledgement. The author thanks the Center of Mathematical Sciences at 
Zhejiang University where he wrote this paper during the summer of 2009. 

§2 Theory of group-invariant solutions for differential equations 

In this section, we briefly introduce the theory of group-invariant solutions for differ- 
ential equations. The following main definitions and theorems are cited from |llj . 
First we introduce the jet space. Given 



We regard w and its derivatives as variables in (2.1), so (2.1) can be regarded as defined 
on 



ut = A In u. 



let w = \nu, so 



e'"Wt - Wxx - Wyy = 0. 



(2.1) 



X X = {{x,y,t;w;Wx,Wy,wt;Wxx,Wxy,Wxt,Wyy,Wyt,wtt)}, 
where X = {{x,y,t)} is the space of independent variables {x,y,t). 
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In general, we denote an n-th order differential equation of w with independent 
variables x = {x^,...,xP) by 

A(x,tf(")) = 0. 

Thus A can be regarded as a smooth map form the jet space X X to M 

A : X X U^"^ M, 

and the differential equation tells where the given map A vanishes on X X thus 
determines a subvariety 

= : A{x,w^''^) = 0} C X x [/(^) 

of the total jet space. 

Definition 2.1. Let he a system of differential equations. A symmetry group 
of the system ,5^ is a local group of transformations G acting on an open subset M of 
the space of independent and dependent variables for the system with the property that 
whenever u = f{x) is a solution of 5^ , and whenever g ■ f is defined for g £ G, then 
u = g ■ f{x) is also a solution of the system. 

Theorem 2.2. Let M be an open subset of X x {/("^ and suppose 
is an n-th order equation defined over M , with corresponding subvariety C M . 
Suppose G is a local group of transformations acting on M which leaves invariant, 
meaning that whenever {x,w^"'^) G we have g ■ {x,w^"^) G for all g £ G such 
that this is defined. Then G is a symmetry group of the equation in the sense of Defi- 
nition 2.1. 

Next we introduce the prolongation of vector fields corresponding to one-parameter 
transformation group acting on M d X xU = {(x, w)}. We only state its formula here 
for our use. The interested reader can see 

Theorem 2.3. Let 
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v = ^r(x,w;)^ + 0(x,w;) — 

1=1 

he a vector field defined on an open subset M G X x U . The n-th prolongation ofv is 
the vector field 

^ aw J 

defined on the corresponding jet space M^"^ C X x U^'^\ the summation being over all 
(unordered) multi-indices J = (ji, j'^), with 1 < ifc < 1 < k < n. The coefficient 
functions (j)"^ of pr^'^^v are given by the following formula: 



i=l 1=1 

where D is the total derivative operator, and Wi = dw/dx^, wj^i = dwj/dx"^ 



We state two important definitions which play important role in the theory. 
Definition 2.4. Let 

A(x, = 0, 

he a differential equation. The equation is said to he of maximal rank if the Jacobian 
matrix 



' ' dwj 

of A with respect to all the variables {x,w^'^^) is of rank 1 whenever A{x,w^'^^) = 0. 
For example, consider (2.1), the corresponding Jacobian matrix is 

Ja{x, y, t; w; Wx,Wy,wt; w^x, w^y, w^t, Wyy, Wyt, wu) = (0, 0, 0; e'^wt; 0, 0, e"'; -1, 0, 0, -1, 0, 
which is of rank 1 whenever A{x,y,t,w^'^^) = 0. So (2.1) is of maximal rank. 
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Definition 2.5. An n-th order differential equation A(x,w^'^^) = is locally solv- 
able at the point 

(xo,4"^) eyA = {(x, : A(x,ii;(")) = 0} 

if there exists a smooth solution u = f{x) of the equation, defined for x in a neighborhood 
of xq, which has the prescribed initial condition Wq^^ = pr^"^^ f{xo), where pr^"'^^ f {xq) 
means f and all its derivatives up to order n at point xq. The equation is locally 
solvable if it is locally solvable at every point of 5^/\ . A differential equation is nonde- 
generate if at every point (xq, w^q"*) G =5^a it is both locally solvable and of maximal rank. 

The main theorem we will use is the following: 

Tlieorem 2.6. Let A{x,w^"'>) = be a nondegenerate differential equation. A 
connected local group of transformations G acting on an open subset M G X x U is a 
symmetry group of the equation if and only if 

pr(")v[A(x,w;('"))] = 0, whenever A(x,w;(")) = 0, 

for every infinitesimal generator v of G. 

We calculate some prolongation formulas here that we will use later. On M C XxU, 
given a vector 

vi = ^[x,y,t,w)— + ri{x,y,t,w)— + T{x,y,t,w)— + (t)[x,y,t,w) — , 
its second order prolongation is 



dwx dwy dwt dwxx dw^y dw^t dwyy dwyt 
We will use the followings: 

^* = 0t - CtWx - r]tWy + {(t)w - Tt)wt - ^wWxWt - TjyjWyWt - Ty,wl, 
<f = <t>x + {4>w - ^x)Wx - VxWy - TxWt - iwwl - VwWxWy - TyjWxWf, 
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(f)y = (l)y- ^yWx + {(f)^ - rjy)Wy - TyWt " ^w'^x'^y " Vw^l - TyjWyWt, 

4>^ = (t>tt + (2<^t«, - Tu)wt - -quWy - S^ttWx + {4>ww - '2Ttw)wt - 2r]twWyWt 

-2e.twWxWt - T^ww'^ - VwwWtWy - iwwwlwx + {(pw - 2Tt)wu 
-2^tWxt - WrjtWyt - STyjWtWtt - VwWyWtt - iwWxWtt 

-2riyjWtWyt - 2^yjWtWxt, 

= ^xx "I" (2<^a;tu ^xx)l^x Vxx'^y Txx'^t "I" ist'ww '^^x'w)'^x ^Vxw'^xl^y 
-2TxwWxWt - ^wwWl - riwwWlWy - TyowWlwt + (<^ty - 2^x)Wxx 

2TxWxt '^Vx'UJxy ^^w'^^x'^xx 'UvjWyWxx "^wWtWxx 
-2r}yjWxWxy - 2TwWxWxt, 



= 'Pyy + i^'PyW - Vyy)Wy - iyyWx - TyyWt + {(t)wW - 2r]yu,)wl - 2^yy,WxWy 
-2TywWyWt - rjwwWl - CwwWlWx " Tyj^wlvOt + ((^«, - 2r)y)Wyy 
~2TyWyt - 2^yWxy " "irj^WyWyy " ^wWxWylJ - TyjIVtWyy 
-2^wWyWxy - 2TwWyWyt. 



Next, given 



d d d 

V2 = C{s,t,'ll;)— + T{s,t,1p)— + (j){s,t,ip) — , 



its second order prolongation is 



d^Js di't di^ss dipst dipt 
We will use the foUowings: 

4>^ = <l>t- ^tlps + (^V - '^t)lpt - ^ijlpslpt - T^tph 



4>^ = (t)s + {4>i> - ^s)lps - Tglpt - ^i,1ps - Ti>1Ps1pt, 
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When we solve out for example ^{x,y,t,w), r]{x,y,t,'w), T{x,y,t,w), (p{x,y,t,'w) 
for vi , we get some vectors 

vi, - • ^Vk. 

These vectors generate the Lie algebra of the transformation group G. To classify its 
subalgebras, we need to calculate the structure constants 

[vi,vj] = C^vi, 

and the adjoint representations 



= Vj-£[Vi,Vj] + ^[Vi,[Vi,Vj]] 



After the classification of subalgebras and subgroups of G, we get an optimal system 
for the equation. By constructing invariants from v in these subalgebras, we can sim- 
plify the equation to ODE or lower order PDE, thus we expect to find exact symmetric 
solutions to the original equation. These will be investigated in detail for our equations 
in the following sections. 
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§3 Ricci flow on Riemann surfaces 

On a surface, all of the information about curvature is contained in the scalar curvature 
function R. The Ricci curvature is given by 



and the Ricci flow equation can be simplified to 

d_ 

The metric for a surface can always be written (at least locally) in the following form 

Qij = u{x,y,t)Sij, 
where u(x, y, t) > 0. Therefore, we have 

Ainu 
R = . 



u 



Thus 

d A Inu 

= u, 

at u 

namely, 

Mt-Aln?x = 0. (3.1) 

Denote = In n, thus 

A{x,y,t,w^'^'>) = Wxx - Wyy - e^wt = (3.2) 

we will use the techniques developed in section 2 to analyze (3.2). 
First note that the Jacobian matrix of (3.2) is 

Ja{x, y, t; w; Wx,Wy, Wu w^^, w^y, w^t, Wyy, Wyt, wtt) = (0, 0, 0; -e'^wt, 0, 0, -e""; 1, 0, 0, 1, 0, 0), 
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which is obviously of rank 1 in =5^a and (3.2) is obviously locally solvable. So we can 
apply Theorem 2.6. 
Given a vector 

V = ^{x,y,t,w)— + i]{x,y,t,w)— +T[x,y,t,w)— + (p{x,y,t,w) — , 

we have 

pr(2)v(A(x,y,t,u;(2))) ^ _^e'a>^^ _ ^t^n^ ^ ^xx ^ ^yy _ 

We apply the formulas for <^*, (^^^, (f)^^ derived in the above section, since prf^V(A(x, y, t, w^^^)) = 
whenever (3.2) holds, we use wt = e~'^{wxx + Wyy) to cancel wt and set coefficients 
of every monomial zero. For example the coefficient of WyWyt is — 2r^. So = 0, i.e. 
r = T{x,y,t). See the following table for all the coefficients. 





monomial 


coefficient 




monomial 


coefficient 




Wxx • 


'Txx 'Tyy 


= 




e-'^Wyy : 


"^xx '^yy ~ 


e' 


^WxWxx • 


"^Txyj 


= 


e 




'^'^xw ~ 


e' 


-"^wlWxx ■■ 


Tww 


= 


e 


-""wlWyy ■ 




e 




Tyw 


= 


e 


— w 

WyWyy l 


2Tyyj = 


e 


"""wlWxx ■■ 




= 


e 


-""wlWyy : 


Tyjw ~ 




: 


-4>t 


= 




e'^Wx : 


6 = 




e'^Wy : 


Vt 


= 




1 : 


(t^xx + <^yy = 




"^xx '■ 


-(j) = Tt- 2^x 


= 




Wyy : 


-(j) + Tt- 2riy = 








= 




WyWyy l 


-2vu, = 




Wx : 


'^4'xw ~ ^xx ~ ^yy 


= 




Wy : 


'^4'y'w f]xx f]yy ~ 




w"^ ■ 

'^x ■ 


4^ww 2^xw 


= 




WxWy : 


"^llxw "^^yw ~ 




w"^ : 
^x 


^ww 


= 




wlwy : 


Vww 




Wxt ■ 


-Tx 


= 




Wxy '■ 


-2rix -2Cy = 




'^x'^xy ' 




= 




WxWxt •■ 


-2Tyj = 




UJy 




= 




Wy 






w^Wx : 


^ww 


= 




Wyt : 


-2Ty = 




'^y'^xy ' 


2^^; 


= 




WyWyt : 


-2Tyj = 



Thus we finally get 
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= C{x,y) 


V 


= v{x,y) 


T 


= Cl + C2t 


</> 


= C2 - 2,^3; 




-Vy = 


Vx 


+ Cy = 


we 


have 



(3.3) 



{^xx + ^yy — 
Vxx ~^ Vyy ~ 0- 

By solving the two-dimensional Laplace equation, we ean get a large number of solu- 
tions to the system (3.3). We first look at one simple case 



Thus we get 



T = Cl + C2t 
^ = C3 + C4X + c^y 
= C6 - csx + C4y 

= C2 — 2C4 



(3.4) 



VI = I 
V2 - as 
V3 - 

V4 - + 
V5 = - 

The corresponding one-parameter transformation groups are 



(3.5) 



Gi 


(x, y, t -1- e, u;) 




G2 


{x + e,y,t,w) 




Gs 


{x,y + e,t,w) 




Gi 


{x, y, e^t, w + e 


) 


G5 


{x + ey, y — ex, 


t, w 


Ge 


(e^x, e^y, t,w — 


2s) 



Equivalently, ifw = f{x, y, t) is a solution to (3.2), then the following are also solutions 
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to (3.2): 



< 





= f{x 






= f{x 


- £,y,t) 




= f{x 


y-e,t) 




= f{x 


y,e-H) + e 




= f{x 


- ey.y + ex,{l + e^)t) 




= /(e- 


'"^x, e^^y, t) — 2e 



For example we examine w^^\ 

= (C ^ )t ^ fxX 6 fyy 

= e ^{(,G^)t ~ fxx ~ fyy) 

= 0. 

Next we have the following structure constants table such that the entry in z-row 
and J- volume represents [vi, Vj]: 



Lie 


Vl 


V2 


V3 


V4 


V5 


V6 


Vl 











Vl 








V2 














-V3 


V2 


V3 














V2 


V3 


V4 


-Vl 

















V5 





vs 


-V2 











V6 





-V2 


-V3 












(3.6) 



Using the formula 

Ad(exp(£Vi))vj = ZZo f^(«^vO"(vj) 

= Vj - e[vi, Vj] + ^[vi, [vi, Vj]] . 

We get the adjoint representation table for (3.5): 
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Ad 


Vl 


V2 


V3 


V4 


V5 


V6 


Vl 


Vl 


V2 


V3 


V4 — £Vl 


V5 


V6 


V2 


Vl 


V2 


V3 


V4 


V5 + ev3 


V6 - £V2 


V3 


Vl 


V2 


V3 


V4 


V5 - ev2 


V6 - £V3 


V4 




V2 


V3 


V4 


V5 


V6 


V5 


Vl 


cos(e)v2 — sin(e)v3 


cos(e)v3 + sin(e)v2 


V4 


V5 


V6 


V6 


Vl 


e^V2 


e^V3 


V4 


V5 


V6 



(3.7) 



Now we use the adjoint representation table to give the classification of subalgebras 
of (3.5). Given a vector 

V = aivi + a2V2 + 03 V3 + 04 V4 + 05 V5 + aeve, 

we first assume / 0, so after scaling, we can make ae = 1: 

V = aiVi + 02 V2 + a3V3 + 04 V4 + 05 V5 + ve- 

If we act on v by ^d(exp((a2 — 05(03 + a2a5))v2)) and Ad{exp{{as + a2a5)vs)) respec- 
tively, we can make the coefficients of V2 and V3 vanish: 

v*^-*-) = ^d(exp((a3+a2a5)v3))o^(i(exp((a2-a5(a3+a2a5))v2))v = aiVi+a4V4+a5V5+V6. 

Next we act on v^-*"^ by yl(i(exp(aivi) to cancel the the coefficient of vi, so finally v 
is equivalent to v^^^ = 04 V4 + 05 V5 + uq under the adjoint representation. In other 
words, every one-dimensional subalgebra generated by v with ae / is equivalent to 
the subalgebra spanned by 04 V4 + 05 V5 + uq. 

The remaining one-dimensional subalgebras are spanned by vector with qq = 0. 
If 05 7^ 0, by scaling we make 05 = 1, and then act on v by A(i(exp(— a3V2)) and 
74d(exp(a2V3)) respectively so that v is equivalent to v*^-*^) = 04 V4 + V5. 

Next, if 05 = ag = and 04 7^ 0, consider v = aiVi + a2V2 + a3V3 + V4. First act 
on it by ^d(exp(aivi)), 

v*^-*-) = ^(i(exp(aivi))v = a2V2 + 03 V3 + V4. 
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If 02 = 0, then v^-*^^ = 03 V3 + V4. Otherwise, 

v^^-* = Ad(exp(arctan(a3/a2)v5))v^"'^-* = Zv2 + V4, 

where / = /(a2,a3). Further we can use and act on v-*- and v*^^) respectively to scale 

03 and I. Thus any onc-dimcnsional subalgcbra spanned by v with 05 = ag = and 

04 / is equivalent to the subalgebra spanned by either V4, V4 + V2, V4 — V2, V4 + V3 
or V4 — V3. 

If 04 = as = ae = and ai 7^ 0, let v = vi + 02 V2 + 03 V3. If 02 = 0, then 
V = Vi + 03 V3. Otherwise 

v^"*^^ = ^d(exp(arctan(a3/a2)v5))v = bfvi + Zv2, 

where / = l{a2.a^). By further scaling 03 and I using the adjoint representation, we 
finally get the result that when 04 = 05 = ag = and ai / 0, the subalgebra spanned 
by V is equivalent to either vi, vi + V2, vi — V2, vi + V3, vi — V3. 

If ai = 04 = as = ae = 0, then the subalgebra spanned by v is equivalent to either 
V2 + 03 V3 or V3. 

If we further allow the discrete symmetry for example (^,r/, r, ^) >-)• (— ^,r/, r, ^), 
then vi — V2 is mapped to Vi + V2. So the following theorem holds: 

Theorem 3.1. the operators in (3.5) generate an optimal system S 

(a) V6 + a4V4 + a5V5, ae / 0; 

(b) V5 + 04 V4, ae = 0, 05 7^ 0; 



(ci) V4, as = 


ae 


= 0, 


04 0; 


(C2) V4 + V2, 


as 


= 06 


= 0, a4 7^ 0; 


(C3) V4 + V3, 


as 


= 06 


= 0, 04 7^ 0; 


(di) vi, a4 = 


as 


= ae 


= 0, ai 7^ 0; 


(d2) Vi + V2; 


a4 


= 05 


= ae = 0, ai 7^ 0; 


(d3) Vi - V3, 


a4 


= 05 


= ae = 0, ai 7^ 0; 
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(e) V2 + asva, ai = 04 = 05 = ae = 0, 02 7^ 0; 

(f) V3, oi = 02 = a4 = 05 = ae = 0. 



We calculate two examples to show how to use the subalgebras to find symmetric 
solutions of (3.2) or (3.1). 

Prom V = V4 + V2 = + ^ + its characteristics are derived from 

dt dx dw 



So let z = e'^ /t and = tuj{z), then we have 



(3.8) 



Prom V = 2v4 + V5 = + 1/^, let £ = ^, 77 = and e"" =uj{£,ri), then 

we have 



CO z 



(3.9) 



Note that we only used a quite simple solution (3.4) of (3.3) to analyze the symme- 
tries of (3.2). If we use other solutions of (3.3), we expect to find many more symmetries 
of (3.2). The whole question lies in finding solutions for the two-dimensional Laplace 
equation. In contrast to the linear heat equation, amazingly (3.1) has various symme- 
tries. We believe study of (3.3) will lead to some significant results for Ricci flow on 
surfaces. Por example, we can consider 



r = ci + C2t 

C = C3{x^ - y^) + Cixy + C5 
r) = |c4(y^ - x^) + 2c3xy + cq 
(f) = C2- Aczx - 2c4y, 



(3.10) 



or more complicated case 
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r = ci + C2t 

^ = (c3 cos X + C4 sin x)ey + {04 cos y + cg sin y)e^ + cj 

r] = (c4 cos X — C3 sin x)ey + (— cg cos y + C5 sin y)e^ + cg 

= C2 + 2c3e^ sin a; — 2c4e^ cos x — 2c5e^ cos y — 2c6e^ sin y. 



(3.11) 



§4 Hyperbolic geometric flow on Riemann surfaces 

In this section, we consider the hyperbolic geometric flow on Riemann surfaces. By the 
same statements as in the beginning of section 3, the hyperbohc geometric flow 

can be simphfied to 

«tt = Alnu, (4.1) 

Let w = Inu, then 

A{x, y, t, w^^^) = e'^wtt + e'^w^ - w^^ - Wyy = 0. (4.2) 

The following initial problem has been studied in [10], 

1 utt - {lnu)xx = 

[ i = : u = uo{x), ut = ut{x). 

Given any initial metric only dependenting on one space variable, if the initial velocity 
is large enough, then the solution of (4.1) exists for all positive time and the scalar 
curvature is uniformly bounded. Otherwise, the solution exists only finite time and the 
scalar curvature goes to infinity as t goes to the maximal time. 
The Jacobian matrix of (4.2) is 

JA{x,y,t;w;Wx,Wy,wt;Wa:x,'Wxy,Wxt,Wyy,Wyt,wtt) = (0,0,0;e'"(w;«+w;f);0,0,2e'"u;t; -1,0, 0,-1, 0,6""). 



Thus the original equation (4.2) is of maximal rank everywhere in ^^a- Obviously (4.2) 
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is locally solvable. So (4.2) is nondegenerate and we can apply Theorem 2.6. 
Given a vector Given a vector 

d d d d 

V = C{x,y,t,w)— + r]{x,y,t,w)— +T{x,y,t,w)— + (t){x,y,t,w) — , 

we have 



We apply the formulas for 0^^, (pyy derived in section 2, since pr^^) v( A(a;, y, t, w^'^^)) = 

whenever (4.2) holds, we use Wyy = e^wu + e^w^ — Wxx to cancel Wyy and set coeffi- 
cients of every monomial zero. The coefficient table is 



monomial 


coefficient 


monomial 




coefficient 


e^wtt ■■ 


(p-2Tt + 2r]y = 


in 9 


<t> + 't>w + <t>ww - "^Ttw 


- 2Tt + 2r]y = 


e^wt : 


2^t + ^<Ptw -Ttt = 


e'^wtWx ■ 




-2it - 2^tw = 


e'^wtWy : 


-2r]t - 2r]tw = 


111 9 

e WxWf : 




^w S,ww — 


e^WyWf : 


Vw Vww ~ 


e"'u;f : 




'^w 'Tww ~ 


e"" : 


0tt = 


e"''u;2^ : 




-ritt = 


e'^wx : 


-6t = 


e^Wxt •■ 




-2Ct = 


e^Wyt : 


-2rit = 


e^wtwtt ■■ 




-2t^ = 


e^WyWtt ■■ 


2r/^ = 


e^wtWyt : 




-2rj^ = 


e^wtWxt ■ 


-2^w = 


1 : 




-(pxx - 4>yy = 


Wy : 


'^4'y'w ~^ Vxx ~^ Vyy ~ 




'^4'xw 


~l~ S,xx ~l~ ^yy — 


wt : 


Txx ~t~ Tyy — 


wl : 




4^WW ~t~ 2Tjyyj 


WxWy : 


"^^yw ~^ '^f]xw ~ 






2Tyy) 


Wy 


Vww ~ 


w'^Wx ■■ 




^ww — 


wlwt : 




Wxx • 




25,x -2r]y = Q 


Wyt : 


2Ty = 


Wxy '■ 




2iy + 2r?^ = 


'^y'^xx ' 


-2r]y, = 


'^x'^xx '■ 




2^^ = 


'^yWxy • 


-2^^ = 


WyWyt : 




-2r^ = 


w"^ : 


^ww "1" "^^xw ~ 


WxWt : 




"^Txw — 


^x ■ 


^ww ~ 


wlwy : 




Vww ~ 


wlwt : 


Tww ~ 






2tx = 


'^x'^xy • 


2r/^ = 


WxWxt •■ 




2r^ = 
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Finally, we get 



(4.3) 



V = v(.x,y) 
r = ci + C2t 
= 2c2 - 2^^ 

- % = 
rix + ^y = 

This is the same as (3.3) except the coefficient 2 of C2 in cf). This is due to the fact that 
in wave type equation (4.2), we differentiate w twice along the time variable t. 
If we choose 



Then we get 



r = ci + C2t 

^ = C3 + C4X + csy 

r] = C6-C5X + C4y 

(p = 2C2 — 2C4 



V4 = t4 + 2 ^ 



V5 
V6 



y dx 

d_ 

'dx 



X 



dw 
8 



dy 



The corresponding one-parameter transformation groups are 



(4.4) 



(4.5) 





(x. 


y,t + £, 


■u;) 


G2 


(x 


+ £,y,t, 


w) 


G3 


(x, 


y + £,t, 


w) 




(x, 


y,eH,w 


+ 2e) 


G5 


(x 


+ ^y,y- 


- ex, t, w) 




(e= 


x,e=y,t, 


w - 2e) 



Equivalently, iiw = /(x, y, i) is a solution to (4.2), then the following are also solutions 
to (4.2): 
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W = /(x,y,t-e) 
(^) = f{x-e,y,t) 
(3) = /(x,y-e,t) 



w 



w 



w 



< 



'(^^ = f{x,y,e-H) + 2e 



w 



w 



w 



(5) = f(^x - ey,y + ex, vTTe^i) 

(6) = f{e'^x,e-^y,t) -2e 



The the commutator table and the adjoint representation of (4.5) are the same as 
those of (3.5), namely (3.6) and (3.7), so we omit them here. 
Similarly, we have 

Theorem 4.1. the operators in (4-5) generate an optimal system S 

(a) V6 + 04 V4 + 05 V5, oe 7^ 0; 

(b) V5 + 04 V4, 06 = 0; 05 7^ 0; 

(ci) V4, 05 = 06 = 0, 04 7^ 0; 

(C2) V4 + V2, 05 = 06 = 0, 04 / 0; 

(cs) V4 + V3, 05 = 06 = 0, 04 ^ 0; 

(di) vi; 04 = 05 = 06 = 0, 01 ^ 0; 

(d2) vi + V2, 04 = 05 = 06 = 0, oi / 0; 

(da) vi - V3, 04 = 05 = 06 = 0, 01 / 0; 

(e) V2 + 03V3, oi = 04 = 05 = 06 = 0, 02 7^ 0; 

(f) V3, ai = 02 = 04 = 05 = 06 = 0. 

From V = V4 + V2 = + ^ + its characteristics are derived from 



dt 



dx 



dw 



t 



1 



2 



So lei z = [t and = t^uj{z), then we have 



z2(a;2 _ ^-)^// _ ^^2a;2 + a;)a;' + z'^{uj'f + 2^^ = 0. 



(4.6) 
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From V = V4+V5 = t^+x^+y^-, let £ = |, 77 = j, and = uj{e, 77), then we have 

{e^Up' — Uj)Uee + {ll'^<^^ — ijj)'^rm + ^Srj'^'^'^er] + + = 0. (4.7) 



§5 Warped products on 5"+ of both flows 

In contrast to the Ricci flow and hyperbohc geometric flow on surfaces, the warped 
products on 5"^^ of both flows admit few symmetries. We omit the somewhat laboring 
calculations and only state the results here. 

Recall that warped product on 5"^+^ is of the form 

g = ip^{x,t)dx^ + ip^{x,t)gcan, 
where gcan denotes the canonical metric on 5". By a change of coordinate 

rx 

s{x) = / ip{x)dx, (5-1) 
Jo 

the evolutions of ip{s,t) and il>{s,t) under Ricci flow and hyperbolic geometric flow are 
the foUowings respectively: 



b ^ 



under Ricci flow, and 



I V'tt = V'ss - (n - 1)^ - ^ 

under hyperbolic geometric flow. Due to the change of coordinate (5.1), we can only 
consider the second equations of (5.2) and (5.3), namely 

V't = V'.3-(n-l)^^, (5.4) 
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and 



iptt = fpss - (n - 1) 



1^ 



(5.5) 



Given a vector 



d d d 

V = t,^)-Q^+ t{s, t,^)-^ + (p{s, t, — 



We have the following two theorems: 



Theorem 5.1 (symmetries for warped product of Ricci flow). For equation 
(5.4), we have 
when n = 1 : 



V2 



d_ 

dt 



I, V3 = S 

These are translations and dilatation. 
when n = 2 : 

vi 



ds ^ ^dt 



d_ 
ds 
d_ 
dt 



'^2 = m 



These are translations and hyperbolic rotation. 
when n > 2 : 



These are only translations. 



Vl - 95 

V2 - at 



Theorem 5.2(symmetries for warped product of hyperbolic geometric 
flow). For equation (5.5), we have 

when n = 1 : the equation becomes linear heat equation, so 
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Vl 
V2 
V3 
V4 

V5 
V6 



d_ 

ds 

a_ 

at 



dip 



s-^ -I- If-^ 



and the infinite- dimensional suhalgebra 



a{s, t) 



d_ 

dip' 



where a is an arbitrary solution of the heat equation. 
when n > 1 : 

I V2 = i 



§6 Further discussion 

Ricci flow is a powerful tool to understand the geometry and topology of Riemann 
manifolds. Any symmetry and exact solution of its equation will help us understand its 
behavior for general cases and the singularity formation, further the basic topological 
and geometrical properties as well as analytic properties of the underlying manifolds. 
The hyperbolic geometric flow is the hyperbolic version of Ricci flow. It is also closely 
related to the Einstein equation. Any symmetry and exact solution of it can help us find 
new solutions of the Einstein Equation which plays significant role in general relativity 
and modern theoretical physics. 

The techniques we use in this paper, namely the theory of group-invariant solutions 
for differential equations is a powerful tool to analyze various differential equations. 
In fact, it can also be used in normal functions and systems of differential equations, 
see [11]. We hope in the future this method can be generalized to tensor equations 
so that we can use it to analyze complicated systems on manifolds. This theory of 
group-invariant solutions is an application of Lie groups to differential equations. Lie 
group plays a fundamental role in modern mathematics since it has significant influence 
on almost all the branches of mathematics. 



Symmetries of geometric Rows 



23 



§7 Appendix: Derivation of the evolutions of warped products on 

In this appendix, we derive evolution equations from the metrics on 5""*"^: 

g = ip{x)'^dx ^ dx + ilj{x)'^ds'^ 

where ds'^ denotes the canonical metric of constant curvature 1 on 5". 
By introducing a new coordinate the distance s to the equator given by 

s{x) = / (p{x)dx, 
Jo 

the metrics can be simplified to 

g = ds'^ + '4){sfdsi = ds^ + gs- (7.1) 

In the following we will consider (7.1). 

Metrics (7.1) are standard warped products which are studied in details in |12j . 
Our discussion follows closely with Chapter 3 of that book. 

Given a Riemannian manifold {Ai,g), first we define the Hessian function of / as 
a symmetric (0, 2)-tensor 

Hess f{X, Y) = VxVyf - Vy^yf, 
where X, Y are vector fields on Ai. Thus 

Hess f{X,Y)=g{VxiVf),Y). 

Second we will say that s : J7 — t- M, where U C {Ai,g) is open, is a distance func- 
tion if I Vs| = 1 on [/. We shall use the following Gauss equation about distance function 

g{R{X, Y)Z, W) = gs{R'{X, Y)Z, W) - II(Y, Z)II{X, W) + II{X, Z)II{Y, W), 
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here X, Y, Z, W are tangent to the level sets Ug and 

II{U,V) = Hess s{U,V) 

is the classical second fundamental form. 

Particularly in our case, for the rotationally symmetric metrics (7.1), 

2Hess s = LqsQs 

= Lg^iip'^dsl) 

= ds{^^)dsl + i;^Las{dsl) 

= 2^{ds^)dsl 



Thus 



Hess s = ——gs- 

■0 



Using that gs is the metric of curvature on the sphere, we get 
gsiR'^iX, Y)V, W) = ^gs{X AY,W A V). 



Combining this with II = Hess s, from the Guass equation we obtain 



g{R{X, Y)V, W) = ^ ^^f^\ siX AY,WA V). 



Prom another important formula 

{Va^Hess s)iX,Y) + Hess'^ s{X,Y) = ~R{X,ds,ds,Y), 



and in our case 
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we obtain 



= ds{'-f)gs + '-fVdA9s) 
— i/s 
= ~^9s ~ (~^) 9 s 
= ^9s - Hess^ s, 



R{;ds,ds,-) = -^. (7.3) 



(7.2) and (7.3) are just 

where i^o are the sectional curvatures of the 2-planes perpendicular to the spheres 
{x} X 5", and Ki those of the 2-planes tangential to these spheres. 
Hence for tangential vector X, 

Ric{X) =EtiRiX,E.)E, 

= TJU R(.X, Ei)E, + R{X, ds)ds 
= ((n - 1)K, + Ko)X. 

And 

Ric{ds) = uKq. 
Since the metrics (7.1) are Einstein metrics, we write 

Rc = nKods'^ + ((n - l)Ki + Ko)gs- 

Finally we obtain 

Rc[g] = -n^ds^ + [-^Vs. - (n - 1)^1 +n- l]c?4. (7.4) 
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Differentiate g along t, we get 



and 



d 2(pf 2 2 

■^9 = —ds + 2tljtljtdsn, 



t9 = 2 d^ + 2 Wtt + V't jc^Sn- 



So for Ricci flow -^g = —2Rc, 



|V = V'..-(n-l)i^. 



For lijrperbolic geometric flow §^9 = —2Rc, 
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